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TEE INWARD BULGE TYPE BUCKLING OF MONOCQOQUE CYLINDERS
I ~ GALCULATION OF THE EFFECT QPON TEE BUCKLIEG
STRESS OF A COHPRESSIVE FORCE, A NONLINEAR
DIRECT STRESS DISTRIBUTION, AND A SHEAR FORCE

"By ¥. J. HEoff and Bertram Klein
SUMMARY

In the present part I of a series of reports on the
inwaxd bulge type buckling ¢f monccogue oylinders the
buckling load in combined bending and compression is
first derived, NWext the rsduction in the buckling load
begause of a nonlinesr direct stress distribution is de-
termined. 1In experiments nonlinegrity may result from an
inadequate stiffness of the end attachments, in actual
airplanes from the existence of concentrated loads or
cut—~outs, The effeet of a shearing force upon the crit-
ical load Iis investigated through an analysis of the re-
sults of tests carried out at GALCIT with 55 reinforced
monocoque oylinders, Finally = simple criterion of gen~
eral instability 1s pregented in the form of a buckling
inequality whieh should be helpful $0 the designer of a
monocoque in determining the sizes of the rings reqguired
for excluding the possibility of inward dbulge type duck-
ling.

INTRODUCTION

Large monogogue fuselages reinforced by clomely
spaced stringers and rings are likely %o dbuckls, when
loaded, acoording to a pattern which involves simultane-
ous distortions of the stringers, the rings, and the
sheet covering, This type of buckling is known as gen-
eral instability, The details of the pattern vary with
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the loading. VWhen the maximum stress in the fuseslage is
caused mainly by a bending moment, which may be accompa-
nied by a small shear force, compressive force, or torque,
the characterigtic feature of the distorted shape is an
inward bulge extending symmetrically from the stringer
that is most highly stressed in compression, (See fig.
1.) 1In some cases there is a single inward bulge; in
others several appear along the most highly stressed com-
pressive stringer, and these may ococur when the bending
mement is constant over a uniform portion of consideradle
length of a monocoque oylinder, Often a few shallower
secondary bulges appear alongside the main bulges, but in
all the cases 80 far observed the distortions are re-
stricted to the neighborhood of the siringer most highly
stressed in compressiaon., This type of general instability
is denoted as inward bPulge type dbuckling.

Caloculations of the ceritical load corresponding %o
the inward bdulge type buckling were first published by
Hoff in 1938 in reference 1, in which a single experiment
was also described, The derivation of the critical load
vas accomplished with the ald of the Rayleigh-Ritz-
Pimoshenko method, and the strain ensrgy stored in the
sheet covering was neglected., The first extensive series
of tests was carried out at GALCIT and was reported im
reference 2, Comparison of the teet resgulss with the
theory of reference 1 showed great discrepancies, and the
use of a semi-empirical formula was suggested, In refez-.
ence 3 Hoff revised hils theory in the light of this new
experimental evidence. The following are the basic ideas:
of the revised theory:

The strain energy stored in the sheet covering is
negligibly small, and the shapes of the deflections of
the rings and the stringers are governed by the least
work requirement regardless of the sitrain energy stored
in the sheet, The size of the bulge in the circumferen-
tial direction, however, is governed by the state of the
sheet, The bulge extends only to regioneg whers the shear
Tigidity of the panels is reduced because of the buck-
ling of the sheet between the rings and the stringers,
The circumferentiel length of the bulge 1s characterized
by the parameter =n which ie the ratio of w +to the
angle ®@¢ measured (in radians) from the stringer which
is most highly stressed in c¢ompression to the stringer
whera the deformation of the ring ends, A4s a rule, n
is greatesr than 2, since the bulge is not likely to ex-
tend %o the tension side of the monocogue cylinder,
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There is no theory available, however, by which the actual.
value of n could be determined. In reference 3 it was
suggested that a cdhart developed from the data of the
GALCIT experiments be used for this purpose.

The object of the present investigations is to im-
prove upon the theory of references 1 and 3, 1I% is be-
lieved that the crucial point in the development of a
rigorous and reliable theory is an understanding of the
action of the sheet covering, 4s a contribution toward
this understanding the effect of a2 compressive load upon
the critical stress of general instabllity in a beat mo-
nocoque c¢ylinder is calculated in the third section of
this report., In the formuls developed, the parameter n
appears., It is hoped that an experimental 1nvestigation,
to be reported in part II of the present series dealing
with the inward bulge type duckling, will throw some .
light upon the variation of n with the compresslive load,
Since n depends mainly on the stste of the shest cover-
ing, and this state is materially influenced by the com-
pressive force, knowledge ¢f the functional connection be~
tween n and the compressive force may ‘be helpful in
clarifying the role of the sheet in general instability.

The fifth section of this report presents a detailed
analysis, in the light of the theory of reference 3, of
the experimental results obtained at GALCIT with 55 rein-
forced monocoque cylinders tested in combined bending and
shear and described in reference 4. The main purpose of
the analysis is to investigate the effect of s shear force
upon the value of the parameter n, Simultaneously a con-
venient semigraphic method of analyzing data of this kind
is developed .and presented.

The fourth and eixth sections present incidental re-
sults of the investigations, The theory developed in the
former became necessary Dbecause it was observed that an
accurate linear direct stress distribution in a bent mo-

" nocoque cylinder is not easily obtained in sxperiment.

Consequently the effect of a deviation from linearity had
t0-be calculated, In the sixth section an inequality is
developed which permits a quick approximate determination
as $0 whether a monocogue cylinder is l1iable %o fail in
general iunstadbility.

The seventh and elghth gections compare theory with
experiment. The ninth section contains the conclusions,
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This investigation, conducted at the Polytechnie
Institute of Brooklyn, was sponsored By, and sonducted
. with financlal assistance from, the National Advisory Com~
mittee for Aeronauntics.
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SYYBOLS

crose~-sectional area of a etringer

stringer sPacing measured along the circumference
Young'e modulus for the material of the ring
Young'!s nmadulus for the material of the sitringer

heighf of center of gravity of siringer cross
section measured perpendicularly fronm its
base

moment of inertia of the curved sheet taken about
its centroidal axie

moment of inertisg of ring sectlion and its effac-
tlve width of sheet for Bending in the radial
directlion '

monent of inertia of ring section without its ef-
fective shest for bending in the radial direo-~
tion |

Igtr ¢ * (5/8)(1/n®) etz ¢

moment of inertiaz of stringer cross se¢tlon withe
out its effective sheet for bending in the
radial direction

moment of inertia of stringer cross section and
ites effective width of sheet for bending in
the radial direction

noment of inertia of stringer gross section with

its effective shest for bending in the tan-
gential direction

Istr 0
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Ivy noment of inertia of strinzer cross section
i without its effective sheet for bending in
the tangential direction

k, proportionality factor in the expression for the
buckling of a eircular cylinder losadled with
uniform axial compression

ka peroportionality factor in the expression for the
buckling of a flat rectangular plate loaded
with uniform axial compression

L total length of wave in ths axial dirsction

L, distance hetween the rings measured axially
along the eylinder

n - nunber of rings included in the length I

¥y, Mz Hz,Ms functions of the parameter n associated
with the determination of the straln ensergies
stored in the rings and the stringers, and
the external work

n a parameter characterizing the shape of the ring
defleation which is equal to the ratio of the
total ¢ircumfereante to that cut off by the
buckling pattern, or w/P,

Pey load carried by the most highly compressed
gtringer and its effective width of sheet at
buckling in pure bending

er gi P,, vwhen patteran is general ;nstability

Por when pattern is penel instability

g -

Por

Por tot 19ad carried by the most highly compressed
stringer and its effective width of sheet at
buckling in bending and compression

T the radius of the e¢ircular eylinder

R a function of n similar to those deneted by
4y, Hz, and so forth

s ) tota; number of stringers in the structure

% the thickness of the sheet sovering
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the strain energy stored in the rings
the strain energy stored in the stringers
effective width of curved sheet

radial displacement of a point on a ring or a
stringer

tangential displacement of a point on a ring or &
stringer . :

work done by external load

coordinate measuring disténce along the axies of the
cylinder

the distance betwesen the centroidal axes of the
stringer cross section alone and of the combined
stringer cross section and its effective curved
sheet '

mgximum deflection of the mosf conpressed stringer
of the mos{ highly deflected ring

factor in the formula for the critical strain for
pure bending

change in the distance between x =0 agnd x = 1L
due to distortions

ghift in the center of gravity of the effective
sheet due to its curvature

strain at the edge of a panel

strain in the most compressed stringer at fallure

‘an angulary measure

equivalent length factor defined by equation (40)

buckling index defined by equation (39)

reduced duckling index where effective width of
sheet and tangential moment of inertis of

stringer cross section are neglected

compressive loal divided By perimeter
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12 factor similar to ¥
Q an aagular measure
P angle defining end of the ciroumferential wave

CALCULATION OF THE BUCKLING LOAD IX COMBINED
COMPRESSION AND BEXNDIXNG

If upon a reinforced monocogue e¢ylinder a compres-
sive load is acting which is not sufficient ta cause
bueckling by ltself, and a slowly iancreasing pure bending
moment is applied, failure may coccur in the form of the
inward bulge type general instability., The calculatlion
of the corresponding critical load can be carried out in
exactly the same manner as was done in references 1 and 3

for the case of pure bending alone., The buckled shape is
assuned %0 srtisfy the equations

¥y = -(m/B)[l-oos(znx/L)J[cps(mp) + cos{2np)] (1)

w, = (a/2)[1-cos(2nx/L)3[1/n)sinnp) + (1/2n)sin{3ne)] (2}

provided that
cp_'_<_ ®, (3)
vhere
n = ﬂ/¢° (4)
and
W radial displacement
vy tangential displacenment
a an indetermined parameter
x coordinate measured along the axis of the gylinder

b7 full wave lengzth in axiai direction



¥ACA TN Wo, 938 | -

) coordinate in %the circumferential direction

o half wave length (in radians) in the circumferential
direction

Eanations (1) and {(2) are identical with equations (62)
and (63) of reference 1. The deflected shape is shown in
figures 1 %0 & which correspond to figures 13 to 15 of
reference 1, and to figures 3 to § of reference 3.

The eritical value of the bending moment is reached
when the work done by the Airect stress, linearly dis-
tributed over the cross sections at x = 0 and =x = I,
ia equal to the strain energy stored in the rings and the
longitudinals, The strain energy is caused by the deflecw
tions Wy and wg3 while the work isg the product of the

afore~mentioned direct stresses by the relative dieplace-
ments of their points of application corresponding to the
assumned pattern of distortions. Izn this bPuckling condi-
tion the strain energy terms de not changeée bsceuse of the
added uniform compression, They are quoted here from
reference 1 with some changes in the notation. The sirain
energy U, stored in the rings is

Up = (&n/16) a® Ma(m + 2)(1/r)%B,I, (5)
where -

Uy = 17n° - 10n + (2/n) (8)

and m i1s the number of rings that distort at buetkling,
r the radius of the cylinders, and E,I, the bending

rigidity of a ring end the effective width of sheet at-
tached to it., Equation (5) corresponds to eguation (65)
of reference 1, equation (6) to eguation (80a) in refer-
ence 1, and in a subsiitution use was made of the firsd
of equations (11} in refersnce 3, Equation (5) is valid
only if m 4is an integer.greater than unity. The sitrain

energy Ustr stored in the stringere is

Ugpr = 2n°afMy (r/d)(1/1%)B 4 Topr . (7)

wherse

¥, = (1/n) : (8)
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Istr = Istr r + (5/8)(1/n2)istr t (9)
and
d distanoe between adjacent ctringers measured along
the ¢ircumference
Begp Young's modulus for the material of the stringer

Togy p and I ... 4 momente of inertia of the siringer

section for bending radially and tangentially,
respestively, both calculated with due con-
glderation of the effective width ©f sgheet

Bquations (7), (8), and (9) correspond to equations (70),
(80a), and (70a) of reference 1,

In the development of the expression for the work VW
done by the applied loads the procedure of section 18(e)
of reference 1 can be followed. If 1 denotes the unni=
formly distributed compressive load applied to a unist
length of the perimeter of the e¢ylinder, the total load
acting upon an infinitesimal length 1rdyp of the circunm-
ference because of the simultaneous application of com-
pressive force and bending moment can be written, with
consideration of equation (71) of reference 1, as

dP = (P/a) cosp rdp + v rdp - (10)

The shortening of the distance between points x = ¢ asd
X =1L 1lying on the same stringer is

8L = (1/4)(n®/1) a2[cos{np) + cos{2np)]®

+ (1/4)(n?/1) o®[(1/n)sinlnp)+ (1/2n)ein(2ae)3® (21)

The total work done by the loads is, therefore}

. TI/n _
W =4Zﬂ r AL [(P/d)cosp + v] do

Lrr/n

=(1/2}n%a? (/1) {(P/d)(l{;+31) + e[ (1/n)+(5/'8)(1/n3)]} (12)
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where

¥; = sin(w/n) {1 - [1/(1=-22)] + [1/2{(1 ~ an?)]
- [1/{1-9n%)] + [1/2(1-1511'3)3} {(13)

Ry = (1/2n?) sinln/n) {(5f4) - [1/(1“F2)]
- [1/(1-4n®)] + 1/~ 92%)] = [1/4(1 ~ 1sn3)3} {14)

Baquation (12) differs from the sum of equations (76) and
(78) of referencs 1 only in the term containing v, while
equations (13) and (14) are identical with equations
(765) and (78a) of reference 1 (except for a printing
error in the latter),

As stated before,the Puckling condition is
W= Ul‘ + Ustr (15)

The load P in the most highly stressed stringer on the
conpression side caused by benling alone will be denoted
by “Pgp if it satisfies equation (15). By writing P,,

for P in equation (12), by substituting the expressions
of equations (5), (7), and (12) into equation {15), and
by solving for P.., there is obtained

Por = [lfful*'31}3'{<Estrlstr/55i) [(s/8u)Uaf{m+ 1)°

+ 4an*M A  (n+ 1Y% - ov dm} (18}

In this equation
A= (rélLid} (Estrzstr/ErIr) (17)

is the nondimensional buckling index originally defined
in equation (86) of reference 1, Horeover, IL; is the
distance between adjacent rings, and consequently
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D=(m+ 1)y, (18)
Also, .
By = (L/n) + (5/8)(1/2%) (19)

The number m of rings involved in dbuckling i¢ de-
ternined from the requirement that P,, mnust be a mini-

mum. Oonsequently the &ifferential coefficlent of P,

with respect t0 m must vanish, Bguation {(16) may be
represgented by the equation

P,p = A {}(m + 1)% + [of(m + 1)3]~ B} (=)

2
Differentiating with respect to (m + 1)  rather than %o
m, and equating the differential coefficient to zero re-
sults in

(m + 1)* = (v/a) {v)

Substitution into equation (a) yields

.. = & [2(ab)¥% - B) (c)

cr

With the actual expressions insteand ¢f the symbols a,
b, 4, and B, there is obitained

‘ 1 1
Pop = J6 T (l/LﬁA /a) [ (u,Ms) /2/(1‘:1"' R,)] Bogristr

~ mod [My/{&; + Ry)] (20)

It was shown in refersnce 3 (ses eguations (17) and
(18)) that in very good approximation

1
(/B ) [l + Ry)/ (laHa) 27 = (1/2%) (21)

With the aid of equation (21) it can be shown that in
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700d approximafgiey
m M,/ (H, + Ry) = 1 + (0,9/2%) (22}

After several trangformations and with the 2id: of eagua-
tione (21) and (22), equation (20) can be writien in the
form '

2 d ﬂzﬁ I N E I. + 0.9 '
= g - o il a {23
Peyr = B /Lz —-»—iilziil-l—l 1 "l {23)

T

This equation differs from egquation (20) of reference 3
only in the term containing v. It must be remembered,
however, that in it P,, denotes the compressive force

caused by bending alone in the most highly stressed
stringer 6n +the compression side. If 4the total load
Pcr ot caused by bending and compression is required,

vd muet be afded to0 the value of Pyp. Gonsequently,

F P Bt pl gt p Bl
o
2 “str-gtrfr+y 0.9
Por tog = B f; — vd (24)

a 3
v n

S8incs the value of =n usually is equal to or greater
than 3, it may be seen from equation (24) that the total
load in the most highly stressed stringer in compression
is little changed if part of it is caused Dy an external
compressive load and part by an external bending moment,
instead of being caused entirely by an external bending
monent as in references 1 and 3., This statement is cor-
rect only if the value of n 4s not affected by the con~
pressive load, However, if the compressive load de-
ereases the shearing rigidity of the sheet, it is ex-
pected that =n, and consequently qu tot shonld de-

crease, as was pointed out in reference 3. Consequently
an experimental investigation of the inward bulge type
general instability in simaltaneous hending and compres=-
gion should contribute to the clarification of the effect
of the sheet on thé buckling load, Buch an investigation
is now being cerried out in the Aircraft Structures lab-
oratory of the Polytenhnic. Institute of Brooklyan. 1Its
results will form the contents of part II of thls report,
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iR EF?EGT OF A NONLINZAR DIRECT STRESS DISTRIBUTION

[ |

The effect upon general instability of a nonlinear
stress distribution over the cross section of the bent
monocoque cylinder is investigated in this section, The
Investigation was undertaken becausse of the observation
thiat an sccurate linear stress digtridbution is not easily
ocstained in experiment., It is desirable, therefore, t0
establish, at least approximately, the possible devia-
tions from the theoretical buckling load caused by non-
linearity. Xoreover, it is likely tha’ concentrated
loads, cut-outs, and so forth may resuwvlt in a nonlinear
stress distribution in .an actusl airplane the effect of
which might Pe a change in the load at which general in-
gtability wouwld ococur,

The probahls ma cimum devigtion can be easily deter-
nined on the assumption that the compressive stress is
constant over the region of the inward dulge (|pl < Py ).
In the calculation of the buckling load the sirain energy
terms remain unaltered, and are represented by equations
(5) %o (9). The work done by the external load can be
recalculated upon replacing equation (10) by the eqguation

(F/d)rdyp + vra (25)

The effect of this ghange is to have

n[(1/n) + {5/8)€1/n%)] = =i,

in place of (H1 + Rl) in eqﬁation 13. Consequently the
critical load acting upon the stringers on the compression

side may be obtained by multiplying the right-hand side of
equation (23) by
(iiy + By)/miy,

Sinee according to equaﬁion (22) the preceding ratio is
equal %o

1/01+ (0.9/2%)]

the critical load beconmes
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2
2 T J@ I B,.I
Pcr - n - d strestrfr+r va (26)
1+(0.9/n°) ~/ 1In r®

Consequently the total buckling losd - due to both bends
ing and compression ~ 1s given by the equation

P - n= 4 "%/EstrlstrErIr (27)
er tot © 1+(0.9/n2) 4/ 1, . r2

Ir the case of pure hending (Vv = 0) sguation (26) natu-
rally reduces t0 equation (27). It may be seen that the
deviation in the value of the eritical locad Py, Ifrom

that corresponding t0 a linear stress distribution is
small, In most cases n not being less than 3 the fac~
tor [1+ (0,9/n®)] is not greater than 1.1, On the
other hand, the change in the stress distribution nay
cause n to become smgller, in which case the decrease
in phe value of P,p would be more pronounced,

Although from the preceding ocaslculatione it follows
that a deviation from a linear stress distribubtion
slightly decreases the maximum load in the most highly
compressed stringer - that is, 1t decreases slightly the
maximum compressive straln at dbugkling -~ at the same time
the critical bending moment may even increase, With a
linear stregs distribution the bending moment is

f{n. & o~

Moy = z(rcr/a)rau/ cos®p dp = wr®(Pgpfa)  (28)
s
If the rathey unreasonable assumption is made that
the compressive stress is constant over one-half the
cross section of the scylinder, and an equal oonstant ten~

gile stress prevalls over the other half, the bending mo-
ment becomss

A
Hop = 4(Pcrfd)raL/n cosp dp = 4r3(Pcr/d) (29)
. : 5

Therefore, the quotient of the moments, for the same PF,,,
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is 4/m = 1,27, while the quotient of the critical loads
corresponding to constant and linear stress distridbution,
respectively, 1s 1,1, Hence the bending moment at buck-~
ling is increased in the ratio 1.16/1., With an assump-
tion which restricts the constant stress to a smaller
region, the increment in the valus of the criticel bend-
ing moment would be even smaller, Of course, stress dis-
tributions encountered in practice are always closer %0
linearity than the law assumed in the present calcula-
tions, (onsequently it is reasonable to conclude btha’b
snall deviations from 1linearity slightly reduwce the duck-
ling stress, but hardly change the buckling moment,

ANALYSIS OF TEE RESULTS OF THE COIBIHED BENDING AND SHIAR
TESTS CARRIED OUT IN THE GUGGENHEIH ABRONAUTIC LABORATORY
OF THE CALIFTORNIA IXSTITUTE OF TECHNOLOGY

The Combined Bending and Shear Tests of GALCLT

Fifty-five reinforced monocoque cylinders were tested
in combined bending ané shear in the Guggenheim Aeronautic
Laboratory of the Cglifornis Institute of Technology. The
results of the tests were published in reference 4, which
also contains a report on eight additional cylinders of
varying length tested in pure berding. In the present re-
port all these test results are analyzed according to the
theory developed in references 1 and 3, The main purpose
of the analyeis is to investigate the effect of shear upon
the value 0f n, a parameter amply dliscussed in refer-
ences 1 and 3 as well as in the preceding sections of this
report. Simultaneously a convenient semigraphic method of
analyzing data of this kind 1s developed and presented,
and the effect of simplifying assumptions is investigeted,

Figure 4 shows the monocogue cylinder and its details,
together with part of the notabtion used in this report,
The stringers are of elliptic cross sectlion, Their cross-
sectlional area A 1is 00,0324 square inch., The greatest
moment of inertia I, =0.000563 inch®, the smallest mo-

-

ment of inertia Ixx='0.000374 inch*, The cross section

of the rings is rectangular, 0,366 dy 00,0796 inch., Iios%t
of the cylinders are of 156-inch radius, the others of 10~
inch radiuwus, All are covered with sheet of 0,010~inch
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thickness. The materiel is heat-treated aluminum alloy,
presumably 175-T. The ring spacing varies from 1 inch
to B inches, the number of stringers from 10 to 40,

Effective Width of Sheet

In the calculation of the effective width 2woypyea
of a curved panel loaded uniformly in compression Xbner's
suggestion is followed here as in reference 3, Substitu-
tion of equations (24b) to0 (244) into equation (24a) of
reference 3 gives:

PWourvea = (1/€)(d/r) {0.3\—. + 1,535 [(t/d)(ex- - o.st)r%’]%} (30)

Thig is true as long as
2¥Weyrved =4 ' (30a)

In this equation € stands for the strain in the stringer
at the edge of the pansl. Since in the present analysis
the effective width is calculated only in the most highly
stressed region on the comprsssion side, €max will be

substitu?ed for € in all numerical caleculations,

Equation (Z30) is approximate since the value of the
nunerical coefficients vary, in general, with the geometbt-
ric and mechanical properties of the monocogue. Thus the
factor 0,3 in the formula for the critical strain of the
gircular cylinder, equation (244) of reference 3, may
better be approximated by Donnell's formula (see sec, 22
of reference 1), MHoreover, the value 3,62 assumed in the
formula for the critical strain of a flat plate may devi-
ate consideradbly from reality if the panels are short
(the ring spacing L, is small) and if the stringers and

rings provide much end restraint, In the general case
equation (30) may be written in the form:

1
ourved = (3¢} (d/r) {klt +k2/3 [(s/a) (er - klt)rl/aja/:”} (31)

In this equation k; represents the numerical coeffi-
cient in the formuls for the critical strain of the cir-
cular cylinder:
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€ =k, (t/r) (32)

curved

and kz +the numerical coefficient in the formula for the
eritical strain of the flat rectangular panel:

- r s ’_\.2 P §
€f18.'b = Ealt/d) 33)

Figure Sa is a plot of zwcurved against €, calcu=-

ated from equation (30) for the case t = 0,01 inch and

= 10 inches. The figure contains a family of curves
pregenting the effective width for cylinders having 4if-
ferent numbers & of stringers. Figure 5b differs from
figure Ba only in that the radius of the cvlinder’ r=18
inches, The curves show that the effective width de-
creases monotonically with increasing straia, which is in

agreement with expectation,

foments of Inertia of Stringer and Effective
Curved Sheet Combinations

(a) In the radial direction.- Since the effective
sheet acting with %the stringer is curved, its center of
gravity lles a distance AY o above the point of inter-
section O of the median line of the curved sheet with
the y axis. (Sese fig. 6.,) This distance is given by the
expressiont

(w/r)
Ay, = © = (l/2wtﬁr2tu/q cos 8 4 8 (a)
: —{w/r)

where € 1is measured counterclockwise from the axis y-y,
as shown in the figure., If terms of higher order are
neglected, evaluabtion of ecuation {a) yields the close
approximation for the shift in the canter of graevity of
the sheet due to0 its curvature:

by = (2w)®/(24r) | (v)

The location of the cenbter of gravity of the combina-
tion of stringer and curved effective sheet now can be
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determined, Taking moments about x-x, the horizontal
axis through the center of gravity of the stringer alone,
results in:

v = (2wt)[h + (£/2) - Ay, ]/ (4 + 2wt) (c)
Here h is the disbance from the x axis of the point of

intersection of the bottom of the stringer with the ¥
axis, and A 1is the cross-sectional area of the stringer.

The moment of inerfia Icu sh of the curved sheet
about 1ts own centroidal axis 1ls:

(w/r) -
Iow s ='r°tb/ﬁ (1-cos 8)%aB - (2wt)(ay,)”?
~{w/z) | .
= (4/8) (3wt ) (ay)? (ay

By the use of the parallel axis theorem the moment
of inertia- Istr r of the combination about the centroi-

¢al axis through the common centroid can be calculated:

Iggr r= Ixx * T A+ (4/5) (ay,)? (2wt)
+ b+ (8/2) - oy, - 712 (2wt) (e)

In this equation Ixy 1s the moment of inertia of the
stringer cross section about i%s centroidal axis, With
the aid of equations (b) and (c)} equation (e) cen be re-
duced to the form:

'{h+ (s/2) - [(3w)2/(z4r>3}2
I + . - -

1 =
str r xx (1/2wt) + (1/4)

+(4/5)[(Bw)a/kzér)]a(2wt) (34)

Equation (34) is plotted in figure 7 for both cases
r = 10 inches and 1 = 16 inches, The formulas gives cor-

rect values for a flat sheet glso if 1 1s considered as
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increasing beyond all bounds. A curve for this case is

drawn for comparison, It shows that for large effective
width neglecting the curvature may lead %0 definite de-

viations from equation (34).

(b) In the tangential direction.- The combined moment
ef inertla of effective curved shest and stringer for
bending about the vertical axis can also be calculatea by
simple integration. From figure 6:

(w/r)

2
(r sin 8) rtd 8 + I (a)
S (/) vy &

wheras 'Ivy is the moment of inertias of the siringer sec-

tion ayoit the vertical axis. Evaluation of the integral
vields the formula:

Ispr = Iyy + (1/2)tr [(2w/r) - sin(2w/r)]  (35)

For practical purposes it is permigsible to expand the
sine function in the bracket and to neglect a2ll terms be-~
yond the sscond., Thus squation {(35) reduces to!

Iger ¢ - Iy + (1/12)(2w) ¢ (36)

It is understood that it is arbitrary to calculate ths
tangential moment of inertia, assuming the same effective
width as that used in determining ths radial moment of
inertia. Although this procedure leads to unreasonably
high values for I ;.. 4 when VW nrved I8 large, it is

followed throughout this report, since no better approxi-
mation is known at present. -

(c) Caleulation of I gyp.- In the analysis I u. 4

elwayvs appears multiplied by (5/8)(1/n®). This value is
plotted in figure 8 for n = 3, If n 1is different, the
correct value can be obtained by multiplying dy the fac-
tor (3/n)2,

Equation (9) can now be graphed, plotting 2weurved

against ITg4p for both radii r = 10 inches and r = 16
inches taking n = 3, (See fig. 9.)
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Effective Width of Sheet Acting with the Rings

In all calculations the effective widith of sheet
acting with the rings is assumed %o be equal to 0,366
inch, the width of the ring, This arbitrary assumption
is made since it does not appear likely that much of the
curved sheet would follow the deflection pattern of the
ring. If it flattens and bends about its own centraidal
axis, much less strain energy is stored in it than if 1%
bends about the commorn centroid of the ring and sheet
combination. The actual deflection pattern, of ecourse,
corresponds to the least possible strain ensrgy.

The One-Quarter Power ILaw

It was shown in reference 3 that the buckling index
A (given in equation (17) of this report) is connected
by & gquarter-power law with the equivalent length factor
A, vhich is implicitly defined by the equation

) _ 2
Por = 7 Bgyrlgyr/ (ML) _(37)
The gquarter-power law is

1
A = (1/n) A (38)

In the computations Young'!s modulus was taken egual
for a8ll the materials of the cylinder. The simplified
form of equation (17) is:

Ap = (2 /13a) (Tgpp of1p) (59)

where the subscript n signifies that I and con-

str?
sequently A, dépends upon the choice of the parameter

n, Equation 39 is graphed in figures 10a and 10b for

r = 10 inches and 16 inches, respectively, and for differ-
ent numbers of stringers.

Transformation of equation (37) gives for A:

1
(/1) L1/ epae) sy nf/ (& + 2Bwt)] 2 (40)
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This equation is represented by the curves of fig-
ures lla and 11b for r = 10 inches and r = 16 inches,
respectively, and for different numbers of stringers.
Thesé graphs and equation (40) are useful in calculating
the theoretical value of the equivalent length factor
if €nax I8 known from experiment.

Prom equations (29) and (40) A and A were cal-
culated on the assumption n = 3 for the 63 specimens
investigated in this report. The logarithms of AN are
plotted against the logarithms of A in figure 12 to-
gether with the theoretical straight line representing
equation (38) for =n = 3, The points in this graph are
grouped and labeled according to the number of stringers
and the ring spacing of the test specimens. For instance,
(12,4) refers %o specimens having 12 stringers, and rings
spaced ¢ inches apart. The numbers writiten next to the
points represent wvalues of n calculated according %o
the procedure explained labter,

It may be seen that for a given r adius and for a
given number of stringers S all experimental points lie
about a straight line parallel t¢ the theorebical one,
This indicates that the actual value of n 1s approxi-
mately constant and independent of the ring spacing. On
the other hand, there is a marked increase in the actual
value of n with increasing S. It was this fact that
led to plotting the curves of figure 10 in reference 3.
Thus, for instance, for r = 16 inches and S = 10, n is
about 2,753 while for v = 16 inches and for 8§ = 40, n
is found %o be about 5.

Determination of the Value of n
The value of n can be calculated from equation (28)

of reference 3. Substituting =n for p and solving for
n ylelds

- 1/3
n2 =, {vy2 + S22 23 - N (¢1)
7‘:s Istr v
Y = (5/16)(I55r £/Zgtr ) (412)

To facilitate the calculation of n, graphs of Y
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and I_.. /I .. , were drawn against e€pax, the data

being taken from the foregoing graphs. The Y curves
are presented in figure 13a, the Iggy 5/Igtp » curves

in figure 13b., With the aid of these figures =n c¢an Dbe
easily calculated from equation (41).

It may bte mentioned thet a transformation of egqua-
tion (41) permits a further simplification in the calcula-
tions, The second term on the right~hand eide can be
written in the form : :

3
Istr 3 Az _ Ietr alr*/L3a)(Igtr s/Istr r?
4 - 4 a
Ay Igtr ¢ (v/D1,) [Tggr /(A + 2wt) epaxl Istr r

3y use o0f the identity
S = 2nr/a

there.is obtained
4
Istr SAG /‘kszstr r)

2 S : 2
s SLyr° [epmpxe (A+ 2wt)] fL20 1,140 ] = & epax  (28)

In figure 14 £ ¢5,../L, is plotted against ep .

for r = 10 inches, The %two curves shown corresspond te
5 =12 sand 5 = 24, '

Substituting back into eguation (41) results in the
following expression for =n3:

2 Py 2
na = ('Y + E Emax) - Y (43)

Bouation (43) is identical with the solution of the quad~
ratic in =n? that is obtained from equation (20) of ref-
erence 3 if the value 0f Ig3p 1s substituted and the
equation divided by (A + 2wt)E, By using figures 13a

and 14, the values of n can be caleculated rapildly from
equation (43),

Figure 15 contains values of n plotted against
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nax for the 63 specimens investigated in this report.

The diagram shows that with each type of specimen in
tests involving different ratios of bending moment and
shear all test points obtained lie on a curve resembling
a parabola,

Humber of Rings Involved

The number nm of rings involved in a wave at bdbuck-
ling can be calculated From eguations (14), (16), and (18)
of reference 3: :

m = 2.84 7\11 -1 (24)

In this equation Ay is the correct value of the equiv-
alent length factor, Since A and n were calculated

previousl{ for all %he specimens, a simple way of ob-
taining n is by the use of the formula

Ap = KSE(B/n)(5f16)(IBtr t/Istr 3)

Y .
+ (Istr r/Istrs)] 2 (45)

The value of A, should be an integer less than or egual

to the total number of rings in the monccogque cylinder.
If the value calculated from the formula is not an inte-
ger, the closest integer should be used, Table I con-
tains the number m as calculated from equations (44)
and (45) with the aid of the graphs previously disoussed.
I+ should be mentioned that cumulative errors in the nu-
merical calculations easily may have the effect of shifi-
ing the closest integer value Py 1. Nevertheless the
table shows that the number m of rings regqulred by the-
ory was avalilable in evory one ¢f the specimens,

Vaeriation of n with 2w

In figure 16 values of n are plotted against

E;ax §Ly for r = 10 inches and different values of 2w,
The curves were calculated from egvatiorn (43). They were
repluotted in figure' 17 as n eagainat Zw  curves, For

low values of the parameter E;ax 5Ly (corresponding %o
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low values of n) these curves are nearly horizontal from
2w = 0 %0 2w = 1; then they drop off considerably.
However, as the parameter inereases, the curves slope up
t0 a flat maximupm and then decline less rapidly than the
curves Jjust discussed. In general, over the working
range n changes only about 5 percent, barring the drop
at low values of the parameter,

Hence it is logical to0o choose 8w = constant for
all the specimens, for instance, 2w = 1 inch, or possi-
Ply 2w = 0, If this is done, equation (43) reduvces to a
simpler form which when solved for €p.3 vields the
expression

1/ ’
e, = nla® - 2v)/E] @ {46)

in which the symbols ¥ and £ have values defined by
equations (4la) and (42), respsctively: These parameters
may be c¢alculated with the aid o¢f any convenient assunp-
tion for 2w,

The Effect of the Shearing Force

In order to show how the shear force affects the
value of the parameter =n, the calculated valves were
superimposed upon the line diagram of figure 10 of ref-
erence 3 which represents the variation of n with two
charscteristic parameters in the case of pure bending,

I+ may be seen from figure 18 (or from table II) that the
agresment 1s reasonably good, If the four specimens that
failed sccording to the shear pattern and the onme that
failed in penel instability are disregarded, analysis of
the test results glves the following datat! 22 specimens
deviated from the curves less than 5 percent; 17, between
5 and 10 percent; 9, between 10 and 15 percent; 7, be~-
tween 15 and 20 percent; 1, 21 percent; and 1, 41 percent.
Phis variation is more evident in figure 19 where the
calculated =n's are plotted against the predicted n's,

It may be seen from table II that the applied moment
is approximately proportionazl to the number of stringers
in the specimen, everything else being equal. This shows
that the sheet carries comparatively little 1oad,

One of the main objects of the present investigation
was to determine the effect of the shear force upon the
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buckling 10ad in general instability, The first group in
table II consists of four specimens having 10 stringers
and a ring spacing of 2 ianches, In this group the bend-
ing moment at buckling decreases from 105,500 to 72,100
inch~pounds &8s the arm decreases from 128 t¢6 66.5 inches,
In the group containing the four specimens 122 to 125
having 12 stringers and a ring spacing of 2 inches, the
teadency is reversed, The bending nmoment at bdbuckling
inecreases from 188,000 to 214,000 inch-pounds, while the
moment arm decreases from 113 to 40,5 inches. Considerar
tlan of all the data reveals that both thége tendenceies
are found in several of the groups; whils in others ir-
regular oscillations or prasctically constant wvalues pre-
vail, Similar observations can be made concerning the

variation of €paxt oalthough the changes in these val-

ves are much smaller, Consequently the oniy statement
that can be made on the basis of the present experiments
is that the variation of the critical strain in general
instability 1is little but unpredictably influenced by the
presence  of g shear force,

THE BUCKLING INEQUALITY

The alrplane designer is interested in datermining
guickly whether the fuselage he has designed is likely to
fail in general instability. In the following an in-
equallty is developed which can be used for this purpose.

Substitution of equation (38) into equation (37)
gives ‘

2
Per gi ~ “aEstrIstr/[Ll(t’A/n)] (47)

where the letters gzi indicate that fallure occurs in
general instability, If the letter p 1is used to indi-
cate panel instability, the following equation may be
written:

3 2
Per p = 7 Bgtrlgsr r/(lep) (48)

whers RP .1s the effective length factor In panel insta-

bility, Its value must lie between 1 and 1/2; with
" stringers continuous through the rings it may be taken as
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l/Jg. Obviously general instability will not occur if

Per gi > Per p - (49)

Substitution of equations (47) and (48) into equation (49)
gives, after some transformations,

A< (Igtr/Tstr r anék; (50)

If inequality (50) is satisfied, general instability will
not oecur. Unfortunately, however, the wvalues of the synm-
bols appearing in the inequality are not too easily com-
puted, since the calculations involve the assumption of n,
and the subsequent determination of the moments of inertia
and of A with the aid of this assumed value. & simpler,
though approximats, inequality may be obtained in the fol-
lowing manner: A4fter substitution of A from equation
(17), inequality (50) can be transformed to read:

[r4/(Lid)](IZtr r/IrIstr)(Estr/Er) < n4“h; (a)

Since by definition Igty p/Ilgtr 1s less than unity, gen-
eral instabllity is certainly impossible if

[x*/130)] (Tavr £/T2) (Bapr/Bx) < 2* A% (o)

It follows from experimental evidence that n 1is very un-
likely to be less than 2.5, If n 1is assumed to be 2,5,
and A, to be 1/4/2, the right-hand side of inequality  (b)

becomes approximately 10. Consequently the condition under
which general instability cannot occur is the inequality

[*/(L38) 1 (BgprIgtr r/Brlp) < 10 (51)

In thie inequality Igyy p should be calculated on tkhe
assumption of a reasonable value for the effective width
2Weourved. in most cases correct results should be obtalned
even if the effective width is diesregarded, since all the
assumptions made in the development caused deviations to
the safe side. When the moment of ineprtia of the stringer



NACA ¥ No, 938 an

in the radial dirsction is computed without the effeciive
wilidth of gheet and the moment of inertia of the ring like-
wiso, the left-hand side of inequality (51) may be called
the reduced buckling index, With the so~calculated mo-
ment of inertias denoted I 4y, oy and the reduced buckling

index Ay, ineguality (51) may be written in the concise
form

Ay < 10 (52)
wvhere

Ay = [x*/(23a)] (BgprIgtr o/ Erlr o) (52a)

Inequality (52) is the conditlon under which general in-
stability cannot ocour., It may be used conveniently for
the debtermination of the requlired size of the ring scc-
tlon when the other strucitural data of the monocoque eyl-
inder are gilven.

It i1g possible that experience with actual monocoque
fuselages will permit raising the value of the right-hand
side of inequality (52), perhaps to as high as 30,

COMPARISON OF PREDICTED AND EXPERIMENTAL

CRITICAL STRAIN

In table III the experimental critlcal strain is
compared with the critical strain calculated according %0
tho procedure devolopcd in this report and in reforenco 3.
In this procedure the value of n is takken from the
curves o0f figure 18 of this report {(or figure 10 of ref-
erence 3) corresponding 40 an assumed value of the critie-
cal strain ¢€n,, and the dimensions of the monocogue

cylinder, Then Pcr 5ot 1is calculated from equation
(24) of this report., It should be noted that the effec-
tive width of sheet must be considered in the calculation
of the moments of inertia, and that the value of vV 1is
zero for all the ecylinders listod in tabdle III, The
straln obtained by dividing P,y oy DY the cross-—-sec-
tional area of stringer plus effective sheet and by
Young!s modulus is compared with the assumed value of
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€max, <The procedure is repeated with a modified assump-
tion of the valus of the critical strain until assumed
and calculated values agrcee closely enough for practical
PUTrPOSOS,

In the present case the actual calculations were
carried out with the aid of figure 15 of this report
which renrosents a thooretical roelationship botwoen n
and €p.-. The procedure then reduced to finding the

value 0f €pgx that was connected with the same value of
n  both in figures 15 and 18,

The accuracy of the predictions may bo Judgod from
figure 20 in which the calculated critical strain is
Plotted against the experimental eritical strain, Ian
Judging the figure it should not bo forgotten that the '
theory doos not take into account the effeoct of the shear
force.

AVAILABLE BXPERIMBNTAL EVIDENCE OF THE VALIDITY

OF THE BUCKLING INEQUALITY

. In %able 1V the value of the reduced buckling index
Ay 1is listed for cylinders Nos, 25 to 129 of the GALOIT
investigations reported in references 2 and 4. In addi-
tion, values conputed for five actual airplane fuseslages
are gliven,

It may be seen that every specimen having a reduced
buckling index greater than 181 failed in general insta-
bility (unloss fallurc was duoc to tension or shoar).
¥oresover, every specimen having a reduced buckling index
enaller than 37.7 failed in panel instadbility, There
were t00 few spocimens in the roglon botwoon Ay = 10
and A, = 200 to permit a final conclusion %o be drawn
concerning the value of Ao below which general insta-

bility cannot ocecur.,

It may be noted that four of the five achtual air-
Plane fusolages listed have Ay values well below 10 so

that for theso four goneral instability is impossiblo,
For Lockheed Model 27, however, Ag = 71,38, This
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airplane fuselage, therefore, may fail either in general
or panel instability. -

CONCLUSIONS -

l, The total load carried by the most highly com-
pressod stringer, togothor with its effoctivo width of
sheet, in a circular monocogue cylinder lcaded simultane~
ously in bending and compression, can be written in the
form '

3 /B Iotp3n1
Por ot = nau/(é; a strzstrur r _ 0.9 v a (24)
r

1 n?

It follows from equation (24), and from the experimental
evidence according to which =n is seldom less than 3,
that the total buckling load P,, 4,4 is little influ-

encod by the ratio of bonding moment to comprossive load
ag8 long as tho compressive load is so small that it does
not change the inward bulge pattern, This conclusion is
valid only If n is rnot influenced by the compressive
forece. Whether this is the case will be investigatbed
sxperimentally and the results will bs presented 1in part
II of this report.

2¢ If the direct stress distribution in a bent cir-
cular monocoque cylinder deviates from the linecar law,
the maximum effect upon the critical stress in the inward
bulge typo buckling is e reduction in the ratio 1 %0
(1 + (0,2/n®)]. Since n 1is seldom less than 3, tho ro-
duction is sligh%, This conclusion holds only if the
change in the stress distribution does not cause a change
in the value of =n», If the contrary is true, the effect
nay be greater, and the critical load must then be calcu-
lated from equation (27),

3. Investigation of the 55 reinforced monocogue cyl-
inders tested at GALCIT in combined bending and shear
shows roasonable agreement with the theory of referonce 3.
The wariation of the critical strain with shear force is
-81light and inconsistent,
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4, A simple approximate formula is suggested for the
use of the designer to predict the likelihood of tho oec-
currence of general instability, and for the determina-
tion of the moment of inertia of the rings required for
excluding the possibility of general instaebility. The
formulg is written as an lnegquality

Ay < 10 (52)

where the reduced buckling index

Ay = [r4/(Lid)](EstrIstr ol Brln o) (522)

In equation (62a) each symbol represents a simple geomet-
ric or mechanical property of the structure, so that the
reduced buckling index can be easily calculated, If its
value satisfies inequality (B62) - that is, if it is less
than L0 -« general instability does not occur, I4 48 poOs~
sible that experience with actual monocoque fuselages
will permit raising the value of the right-hand side of
inequality (52), perhaps to as high as 30,

Polytechnic Institute of Brooklyn,
Brooklyn, ¥, Y., January 1944,
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Table IV {continued)
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Gn.ICIT 4 3
Spec. Mo r Iy d (r*/17d)- N, Type of failuresw

" 78 16 8 5.06 25.30 615 G
79 16 2 5.06 1619 39350 G
20 16 2 5.06 1619 39350 G
g1 16 2 5,06 1619 39350 G
82 16 2 5.06 1619 39350 G
83 16 4 10.12 101.2 39350 G
84 16 2  10.12 809.5 39350 G
a5 16 2__10.12 809.5 39350 G
86 16 2 10.12 809.5 39350 G
27 16 2 1o.12 809.5 39350 G
as 16 4 5.06 202.4 4925 G
g9 15 4 5.06 202.4 4925 G
90 16 2 5.06 202.% 4925 G
91 16 L 5.06 202.4 4925 G
92 16 8 5.06 25.3 615 G
93 16 8 5.06 25.3 615 G
94 10 8 2.62 754 181 P
95 10 8 2.62 7454 181 G
96 10 8 2.62 7454 181 G
o7 10 . 8 2.62 7454 181 s
98 10 4 2.62 59.64 1450 G
99 10 A 2,62 59.64 1450 G
100 10 k 2.62 59.64 1450 s
101 10 4 2,62 59.6/ 1450 s
102 14 2 2.53 3238 76350 a
103 16 2 . 2,53 3238 76350 G
104 16 2 2.53 3238 76350 G
105 16 2 2.53 323¢ 76350 S
106 10 2 2.62 577.1 11600 G
107 10 2 2.62 477.1 11600- 3
108 10 8 2,62 7 454 181 G
109 10 8 5.24 3.727 90. G
110 10 8 5424 3.727 90. G
i 10 L 5.24 29.82 725 G
112 10 4 5.24 29.82 725 G
113 10 L 5.2 20,82 725 ¢}
11 16 4 2.53 404.7 9840 G
115 15 4 2.53 4047 9840 G
116 16 A 2.53 404.77 9840 G
117 . 16 4 2.53 40447 9840 S
iia 10 2 5.2/ 238.5 5800 G
119 10 2 5.24 238.5 5800 e}
120 10 2 5.2 238.5 5800 G
121 10 2 5.24 238.5 5800 G
122 10 1 2.62 3817 92800 G
123 10 1 2.62 3817 92800 a3
12 10 1 2.62 3817 92800 G
125 10 1 2.62 3817 92800 G
126 15 L 5.06 20707 4925 G
127 16 4 5.06 202.4 4925 G
128 16 L 5,06 202.4 4925 G
129 16 4 5.06 202.4 4925 G
27 30 8 2,464 0.1308 -

12 30 2, 6 9.766 0.5762 -
1 a5 24 8 13.63 0.9091 -
27 63 16 4 963.3 71.38 -

* @ means general, P panel instebility, P/G start by panel snd final failure

by general instability. T indicates tension failure, S shezr fallure.
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NACA TN No. 938 ' , ‘Figs. 18, 19
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NACA TN No. 938 Fig. 20
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